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A. AGBOOLA 

Abstract. In this paper we develop a theory of class invariants associated to p-adic representations 
of absolute Galois groups of number fields. Our main tool for doing this involves a new way of 
describing certain Selmer groups attached to p-adic representations in terms of resolvends associated 
to torsors of finite group schemes. 

1. Introduction 

In this paper we shall introduce and study invariants which measure the Galois structure of 
certain torsors that are constructed via p-adic Galois representations. We begin by describing the 
background to the questions that we intend to discuss. 

Let Y be any scheme, and suppose that G — > Y is a finite, flat, commutative group scheme. 
Write G* for the Cartier dual of G. Let G* denote the normalisation of G*, and let i : G* — > G* 
be the natural map. Suppose that ir : X — > Y is a G-torsor, and write 7To : G — > Y for the trivial 
G-torsor. Then Ox is an Oc-comodule, and so it is also an 0G*-module (see e.g. ^5)- As an 
Og* -module, the structure sheaf Ox is locally free of rank one, and so it gives a line bundle M.-^ 
on G*. Set 

Then the maps 

^:H 1 (Y,G)^Pic(G*), M [Ar]; (1.1) 

99 : H\Y, G) -> Pic(G*), [tt] » [i* (1.2) 

are homomorphisms which are often referred to as 'class invariant homomorphisms'. 

The initial motivation for studying class invariant homomorphisms arose from Galois module 
theory. Let F be a number field with ring of integers Of, and suppose that Y = Spec(Oi?). Write 
G* = Spec(^4), G = Spec(-B), and X = Spec(C). Then the algebra C is a twisted form of B, 
and the homomorphisms ip and (p measure the Galois module structure of this twisted form. The 
homomorphism ip was first introduced by W. Waterhouse (see |27|). and was further developed 
in the context of Galois module theory by M. Taylor (|25j). Taylor originally considered the case 
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in which G is a torsion subgroup scheme of an abelian variety with complex multiplication. The 
corresponding torsors are obtained by dividing points in the Mordell-Weil groups of such abelian 
varieties, and they are closely related to rings of integers of abelian extensions of F. In |24| . it was 
shown that, for elliptic curves with complex multiplication, the class invariant homomorphism tp 
vanishes on the classes of torsors obtained by dividing torsion points of order coprime to 6. This 
implies the existence of Galois generators for certain rings of integers of abelian extensions of imag- 
inary quadratic fields, and it may be viewed as an integral version of the Kronecker Jugendtraum 
(see [21], This vanishing result was extended to all elliptic curves in [2] and 

Since their introduction, class invariants of torsors obtained by dividing points on abelian va- 
rieties have been studied in greater generality by several authors. For example, suppose that X 
is a projective curve over Spec(Z) which is equipped with a free action of a finite group. In [T§] . 
it is shown that the behaviour of the equivariant projective Euler characteristic of Ox is partly 
governed by class invariants of torsors arising from torsion points on the Jacobian of X. In 
an Arakelov (i.e. arithmetic) version of class invariants of torsors coming from points on abelian 
varieties is considered. There it is shown that in general such torsors are completely determined 
by their arithmetic class invariants, and that these invariants are related to Mazur-Tate heights on 
the abelian variety (see ^Ej)- Finally we mention that in pQ, py, and |0j, class invariants arising 
from points on elliptic curves with complex multiplication are studied using Iwasawa theory, and 
they are shown to be closely related to the p-adic height pairing on the elliptic curve. 

The main goal of this paper is to develop a theory of class invariants for arbitrary p-adic repre- 
sentations, and to generalise a number of results that up to now have only been known in certain 
cases involving elliptic curves with complex multiplication. 

We now describe the main results contained in this paper. Let V be a d-dimensional Q p - 
vector space. Let F c be an algebraic closure of F, and write Qp '■= Gal(F c /F). Suppose that 
p : — > GL(V) is a continuous representation of that is ramified at only finitely many primes 
of F. Set V* := HomQ p (V, Q p (l)), and let p* : — > GL(V*) be the corresponding representation 
of Qp- Suppose that T C V is an Q^-stable lattice, and write T* := Homz p (T, Z p (l)). (Note that 
for each construction in this paper that depends upon T, there is also a corresponding construction 
that depends upon T*; this will not always be explicitly stated.) 

For each positive integer re, we may define finite group schemes G n and G* over Spec(F) by 

Gn(F c ) = T n := p- n T/T; G* n {F c ) = T* n := p~ n T*/T*. 

Then G* n is the Cartier dual of G n , and we may write G* = Spec(j4 n ) for some Hopf algebra A n 
over F. Let 2l n be any O^-algebra such that 2l n <g>o F F = A n , and write Sp(2l n ) := Spec(2l n ). 

By using a description of H (F, G n ) which arises via studying the Galois structure of G n -torsors 
in terms of A n , we give a new way of imposing local conditions on cohomology classes in terms of 
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the algebra 2l n . (Roughly speaking, if ir G H 1 ^, G n ), then we use 2l n to impose local conditions 
on line bundle associated to ir.) This yields a certain Selmer group in H 1 (F, G n ) which we 
denote by H^ n (F, G n ). Suppose that tt : X — > Spec(F) is any G n -torsor whose isomorphism class 
lies in H^{F,G n ). We shall explain how to use the methods of |Hj, JZj and [2Zj to construct a 
natural homomorphism 

fa : H l %n {F,G n ) -> Pic(S P (2l„)). (1.3) 

This generalises the class invariant homomorphisms Q1-1JI and H1.2|) above. For suppose that G n 
is the generic fibre of a finite, flat group scheme Q n over Spec(Oi?). If we choose 2l n to be the 
Oi?-Hopf algebra representing the Cartier dual G n of Q n , then Hh(F,G n ) = H 1 (Spec(Op),Gn), 
and is the same as the homomorphism in this case. If on the other hand we take 2l n to be 
the maximal Op-order in A n , then Sp(2l n ) is equal to the normalisation Q* of Q*. In this case, 
i/ 1 (Spec(Oi?) ) Gn) is contained in H^ n (F,G n ) J and the restriction of cj)^ to H 1 (Spec(Op), Gn) is 
the homomorphism (|1.2|) . (See Example 13.51 below.) 

In this paper we shall mainly be concerned with the cases 

% n = m n , % n = Tin ®o F o F [i/p] ■.= . 

For each finite place v of F, let F£* denote the maximal unramified extension of F v in a fixed 
algebraic closure of F v . If v \ p, then define 

Hj(F v ,T) := Ker [H\G V ,T) -> H\F^,T)] . (1.4) 

Following [201 §3.1.4], we set 



ul/ FTU m H 1 (F V ,T) 

H (F.T)-©^ H u FvjT) 



H} M (F,T) = Ker 
It may be shown that (see Remark 13.61 below) 

Here the inverse limit is taken with respect to the maps induced by the 'multiplication by p' maps 
G n +i — > G n , and we view lim/7^ p} (i 7 , G n ) as being a subgroup of H 1 (F,T) via the canonical 
isomorphism limif^F, G„) ~ H 1 {F,T). Set JT„(F, T) := lim-H^(F, G? n ). 
The natural inclusions G* — > G* +1 induce pullback homomorphisms 

Pic(Sp(9tt n+ i)) -> Pic(Sp(«OT B )) J Pic(S P (^i P + } 1 )) -> Pic(Sp(^ p >)). 

We shall show that we may take inverse limits in ()1.3|) to obtain homomorphisms 

$ F : H l a (F, T) - limPic(Sp(9JI n )), : ff} i{p} (F,T) - limPic(Sp(^W)). 

Our first result shows that the homomorphism Qp' is closely related to a p-adic height pairing 
associated to T. In order to describe why this is so, we have to introduce some further notation. 
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Let C n /F denote the n-th layer of the cyclotomic Z p -extension of F, and set 

& F {T) := {x G Hj {p} (F,T) \ Mx G H n Coves Cn/ F (Hj {p} (C n , T)) for some integer M > 0}. 

When T is the p-adic Tate module of an elliptic curve, <5 F (T) is the same as the canonical subgroup 
that was defined by R. Greenberg in |T51 p. 131-132], and further studied by A. Plater in and 
[22j (see also [H]). 
Let 

Loc FjT , : H} Ap} (F,T*) — > H 1 (F V ,T*) 

v\p 

denote the natural localisation map. In |2()1 Section 3.1.4], Perrin-Riou constructs a p-adic height 
pairing 

B F : H) {p] {F,T) x Ker(Loc F)T *) -► Q P , 
and she shows that the group <8 F (T) lies in the left-hand kernel of 1?f. Write 

( F T*) 

((,)): ^ } (T j x Ker(Loc F , T *) - Q p (1.5) 

for the pairing induced by Bp. It is conjectured that ((, )) is always non-degenerate modulo 
torsion. If this conjecture is true, then it implies that & F (T) has a natural characterisation in 
terms of p-adic height pairings attached to T. The following result shows that this conjecture 
implies that <8 F (T) also has a natural characterisation in terms of Galois module structure. 

Theorem 1.1. Suppose that the pairing (( , )) is non- degenerate modulo torsion. Then x G & F (T) 
if and only if (x) is of finite order. 

Let S be a finite set of places of F containing the places lying over p, the places at which p 
is ramified, and the set of infinite places. Let F s /F denote the maximal unramified outside S 
extension of F. A conjecture of Greenberg asserts that the group H 2 (F S /Coo,V* /T*) always 
vanshes. This may be viewed as an analogue of a weak form of Leopoldt's conjecture for the Galois 
representation V* . 

Corollary 1.2. Suppose that the pairing ((, )) is non- degenerate modulo torsion, and that 

H 2 (F s /C OQ ,V*/T*) = 0. (1.6) 
Then the restriction of to Ker(LocirT) has finite kernel. 

Proof. It follows from [213 Remark at the end of §3.4.3] that if (JTHJ) holds, then (5 F (T) PlKer (Loc f> t ) 
is finite. The result now follows from Theorem ll.il □ 



GALOIS MODULES AND p-ADIC REPRESENTATIONS 



5 



We now turn to the homomorphism &p. 

For each integer n, the action of £If on T* yields a representation p* n : Q,p — > Aut(T*). Write 
F* for the fixed field of p* ; then := U n F* is the extension of F cut out by p* . Set 

£ F (T) := {x € Hl(F,T) \ x G C\ n Cores F * / F (iT* {F* , T) ) for some integer M > 0}. 

Theorem 1.3. Suppose that x G <£p(T). Then &f( x ) is of finite order. 

Remark 1.4. Whether or not the the converse of Theorem 1 1 . 31 holds in general is an open question, 
and it appears to be a very delicate problem. If T has Z p -rank one, then it may be shown that 
&f(T) = £p(T), and so the converse to Theorem II .31 holds in this case. □ 

Acknowledgements. This paper owes a great deal to ideas first introduced in and I am 
extremely grateful to G. Pappas for many interesting and helpful conversations. I would like to 
thank B. Conrad, R. Greenberg and S. Howson for useful discussions, and an anonymous referee for 
pointing some errors in an earlier version of this paper. I would also like to thank the Mathematics 
Department of Harvard University for their hospitality while a part of this work was carried out. 
This research was partially supported by NSF grants. 

Notation. In this paper, all modules are left modules unless explicitly stated otherwise. 

For any field L, we write L c for an algebraic closure of L, and we set CIl := Gal(L c /L). If L is 
either a number field or a local field, then we write Ol for its ring of integers. 

If L is a number field and v is a finite place of L, then we write L v for the local completion of 
L at v. We fix an algebraic closure L c v of L v and we identify Ql v with a subgroup of Ol. If P is 
any O^-module, then we shall usually write write P v := P ®o L Ol v - 

For any Z-module Q, we set Q := lim Q/p n Q- 

If R and S are rings with fiC5, and if A is any i?-algebra, then we often write As for A <8>r S. 
We shall also often write Sp(^4) for Spec(^4). 

2. Resolvends AND COHOMOLOGY GROUPS 

Let R be a Dedekind domain with field of fractions K, and write R c for the integral closure of R 
in K c . (In what follows we always allow the possibility that R = K and R c = K c .) Assume that 
K is of characteristic zero. In this section, we shall take Y = Spec(i?), and we shall explain how 
the cohomology group H 1 ^, G) may be described in terms of the Hopf algebra A representing G*. 
Set r := G{R C ) and T* := G*{R C ). 

Recall that there is a canonical isomorphism 

H\Y,G) ~Ext 1 (G*,G m ) 
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(see [27], |TI| expose VII], or ^H])- This implies that given any G-torsor ir : X — > Y, we can 

associate to it a canonical commutative extension 

1 - G m - G(vr) - G* -» 1. 

The scheme £7(71") is a G m -torsor over G*, and its associated G*-line bundle is equal to (This 
construction is explained in detail by Waterhouse in |27|.) 

Over Spec(-R c ), the G-torsors ttq and tt become isomorphic, i.e. there is an isomorphism X 0r 
R c ~ G ®r R c of schemes with G-action. (This isomorphism is not unique: it is only well-defined 
up to the action of an element of G(R C ).) Hence, via the functoriality of Waterhouse's construction 
in |27| . we obtain an isomorphism 

We shall refer to £ n as a splitting isomorphism for tt. 

Now suppose that ip(ir) = 0. Then C n is a free ^4-module, and so we may choose a trivialisation 
S-K : A ^> C^. Consider the composition 

Arc ► L^^rR — > A R c . 

This is an isomorphism of ^4^c-modules, and so it is just multiplication by an element r(s 7r ) of A^ c . 
We refer to r(s 7T ) as a resolvend of or as a resolvend associated to tt. (This terminology is due 
to L. McCulloh, [17) .) Note that r(s 7r ) depends upon the choice of £„- as well as upon s^. 

Definition 2.1. Let ^4 and R be as above. Define 

H(A) := {a E A„ c \ = g^a for all uj E O^, where g w E T}, 



H(^) 

r • a* 



□ 



If w E f^X) then = g^^, where ^ E I\ Since s£! = s n , we deduce that r(s 7r )"' = 5 a; r(s 7r ), that 
is, r(s 7r )" ; E H(A). It is easy to see that changing s n alters r(s 7T ) via multiplication by an element 
of A x , while changing £ n alters r(s 7r ) via multiplication by an element of T. Hence the image r(7r) 
of r(s 7r ) in H(A) depends only upon the isomorphism class of the torsor tt. 

The following result, in the case in which G is a constant group scheme, is equivalent to certain 
results of L. McCulloh (see |17l Sections 1 and 2]; note, however that McCulloh formulates his 
results in a rather different way from that described here). McCulloh's methods were generalised 
by N. Byott to the case of arbitrary G (see |EJ Lemma 1.11 and Sections 2 and 3]) using techniques 
from the theory of Hopf algebras. We give a different approach to these ideas. 
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Theorem 2.2. Let G be a finite, flat commutative group scheme over Spec(i?), and let G* = 
Spec(^4) be the Cartier dual of G. Then the map 

T R : Ker(» -> H(A); [tt] h-» r(vr) 

is an isomorphism. 

Proof. We first show that Tr is a homomorphism. Suppose that tt : X — > Spec(-R) and tt' : X' — > 
Spec(-R) are G-torsors satisfying i/j(tt) = ip(ir') = 0. Let % : A — > and s^i : A — > C^i be 
trivialisations of C n and C^i respectively. Write tt" := tt ■ tt' . Then it follows via the functoriality 
of Waterhouse's construction in [27] that there is a natural isomorphism C^n ~ ® C n >. Thus, if 
we set 

s-k" = Stt <8> s n i : A ~ A ®a A —* C w ®a At'j 
then we see that r(s 7r //) = r(s 7r )r(s 7r /). This implies that r{ir") = r(-7r)r(7r / ), as required. 

We now show that Tr is surjective. For any scheme 5 — > Spec(-R), write Map 5 (G*,G m ) for 
the set of scheme-theoretic morphisms G* <8>r S — > G m <8>r S. Since G* is affine, the functor 
S i— > Map s (G*, G m ) is representable by the affine group scheme G mj G* := G m <8>_r G* — > Spec(iZ). 
The group scheme G — Hom(G*, G m ) is a closed subg roup scheme of G m ^Q* . 

Suppose that a G H(A). Then we may view a as being a Spec(i? c )-valued point of G mj c* . Let 

G a := a ■ [G ® R R c ] (2.1) 

denote the 'translation-by-a' in G m ^G* ®rR c of G®rR c . Then G®rR c acts on G a via translation. 
Furthermore, translation by a induces an isomorphism 

E a : G ®r R c ^ G a (2.2) 

of schemes with G <S>r R c action. 

We now claim that G a descends to Spec(-R), i.e. that there is a scheme TT a : Z a — ► Spec(i?) 
defined over R which is such that G a = Z a ®r R c . Since R is a Dedekind domain, and G a is flat 
over Spec(i2 c ), it suffices to check that the generic fibre G a /Kc of G a descends to a scheme over 
Spec(i^). This in turn follows via Galois descent, and may be seen as follows. We first note that the 
isomorphism E a induces a bijection T — > G a (K c ) of sets. Define z a : — ► F by z(u) = a^a^ 1 ; 
thus z a is the T-valued cocycle of CIk associated to a. Then it is easy to check that the action of 
Qk on G a (K c ) is given by 

E( 9 r = z a (u;)E(g") 

for all g € V and uj E Qk- This implies that G a / K c descends to Z a / K over Spec(K). A similar 
argument also shows that TT a : Z a — » Spec(ii) is a G-torsor over Spec(i2). 
We shall now show that ip{TT a ) = 0. Let 

Zn a ■ £n a ®R R° ^ Arc 
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denote the splitting isomorphism of ir a induced by E a . Define an isomorphism 

a a : Arc ^ C na <g) R R c 

by a a (a) = ^~^(aa) = a£~ (a) for all a G Arc In order to show that ip(ir a ) = 0, it suffices to show 
that a a descends to an isomorphism a' a : A — ► C 1Ta over R. This will in turn follow if we show that 

cr^(a) = cr a (a) 

for all oj G Jig- and all a G ^4_rc. To check this last equality, we simply observe that 

<(a)=o;K(a-- 1 )]=a;K- 1 (a-- 1 )] 

= W [az a ( W - 1 )C Q 1 (ar" 1 ] 



=«[o w ~ 1 c a 1 (ar" 1 ] 

= 0"a(°O- 

Hence tp(n a ) = as asserted. 

To complete the proof of the surjectivity of Yr, we note that it follows from the definition of o~ a 
that we have r{a' a ) = a. Hence r(ir a ) = [a] G H{A), and so Yr is surjective as claimed. 

We now show that Yr is injective. Suppose that a,(3& H(^4) with [a] = [(3] G H(A). Then it 
is easy to check that the isomorphism 

induces an isomorphism G a {K c ) — ► Gp(K c ) of -modules. This implies that the G-torsors 
■K a : Z a — ► Spec(-R) and irp : Zp — > Spec(i?) are isomorphic. This completes the proof of the 
theorem. □ 

Remark 2.3. Suppose that R = K. Then it is not hard to check that (using the notation 
established in the proof of Theorem 12 .2(1 the map Qk —* T defined by u i-> r(s 7r ) a 'r(s 7r ) _1 is an 
f2if -cocycle representing [tt] G H 1 (if, G) . □ 

If R is a local ring, then Pic(G*) = 0, and so Ker(^) = H l (R,G). The following result is a 
direct corollary of Theorem 12 .21 It gives a description of the flat cohomology of G over Spec(i?) in 
terms of resolvends. (Recall that N denotes the exponent of G.) 

Corollary 2.4. Suppose that R is a local ring, 
(a) There is an isomorphism 

Y R :H\R,G)^H{A). 
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(b) The map [tt] i— > r(s w ) N induces a homomorphism 

r, R :H l (R,G) l ' 



□ 

Remark 2.5. Suppose that R = K, and for each 7* 6 P, write -ftTpy*] for the smallest extension 
of K whose absolute Galois group fixes 7*. Let T*\Qk denote a set of representatives of O^-orbits 
of r*. Then, via an argument virtually identical to that given in Lemma 3.3], it may be shown 
that the Wedderburn decomposition of the if-algebra A is given by 

A ~ (K c Tf K ~ ] [ if [7*]. (2.3) 

7*er*\njf 

□ 

Proposition 2.6. Suppose that R = K, and that G* is a constant group scheme over Spec(K). 
Then A ~ Map(T*,K), and the map r]x of Corollary \%-4]f b ) induces an isomorphism 

VK : H\K,G) ^ Rom{T*,K x /(K x ) N ) C Map(r* , K x /{K X ) N ) ~ A X /(A X ) N . 

Proof. See 5, Corollary 3.4]. □ 

Proposition 2.7. Suppose that R = K, and let L be a (possibly infinite) extension of K . Then 
the following diagram is commutative: 



H l {K,G) -^U H(A) 



Res 



H l (L,G) -^U H{A L ). 



(2.4) 



Here the left-hand vertical arrow is the restriction map on cohomology, and the right-hand vertical 
arrow is the homomorphism induced by the inclusion map i : H(A) — > H(Al). 

Proof. Let tt : X — > Spec(if) be any G-torsor, and let s : A C n be any trivialisation of C n . Then 
it follows via a straightforward computation that the Q^-cocycle associated to i(r(s)) is equal to 
the restriction of the Ox-cocycle associated to r(s) (cf. E,emark 12. 3(1 . □ 

Remark 2.8. Suppose that R = K, and that tt G Ker^p). Let r(s n ) G H(^4) be any resolvend 
associated to tt. Then r(s n ) N = a N G ^4 xAr , and so r(a~ 1 s 7r ) Ar = 1. Hence r(a _1 s 7r ) G ^4*,,%, 
and so Proposition 12.71 implies that tt lies in the kernel of the restriction map 

^k/k M ■■ H\K,G) - H\K{jj. n ),G). 

Conversely, if tt G Res^y^^) , then for a suitable choice of s w , we have r(s 7r ) G A^,y and 
r(s 7r ) JV G ^4 X . Since A is a semisimple F-algebra, this implies (via considering the Wedderburn 
decomposition 1)2.3(1 of A) that r(s 7r ) Ar G A xJV , and so tt G Ker(?7_p). □ 
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Suppose now that L is a finite Galois extension of K with [L : K] = n, say. Let u%, . . . , uj n be a 

transversal of VLl in SIk- Then we have a norm homomorphism 

n 

N L/K :A L c^A K c; a ^ JJ a"* . (2.5) 

i=i 

This induces homomorphisms (which we denote by the same symbol) 

M L/K : H(A L ) - H(A K ), A/l/k : ff(A L ) -» ff(A^). 
Theorem 2.9. 77ie following diagram is commutative: 



H\L,G) H(A L ) 



Cores ^ i 



K 



M L/K (2.6) 



H\K,G) tf(A K ), 
where the left-hand vertical arrow is the corestriction map on cohomology. 

Proof. Let ttl : Xl — ► Spec(L) be any G-torsor and let : Al — > be any trivialisation of C 1TL . 
Then it follows via a straightforward computation that the Oi^-cocycle associated to A/£ / /x( r ( s 7r i )) 
is equal to the corestriction of the Oi-cocycle associated to r(s WL ) (cf. Remark |2.3|) . □ 

Let (G n ) n >i be a p-divisible group over Spec(i?). For each n, set G* = Spec(A ra ), and set 
T n := G n (R c ), T* := G* n {R c ). We write p n := [p] : G n — > G n _i for the multiplication-by-p map, 
and we use the same symbol to denote the induced map -fT 1 (Spec(i?), G n ) — > -fT 1 (Spec(i?), G n _i). 

The map p n induces a dual inclusion we may identify A n _i with the 

pullback (pn)*A n of A n via p~\ Thus (via pullback) p® induces a homomorphism q n : A n — ► A n _i 
which extends to a homomorphism (which we denote by the same symbol) A n ^ c —> An—\,K C - It is 
easy to check that g n (H(A n )) C H(A n _i), and that g n (r n ■ A*) C T n _i • A*^. 



Theorem 2.10. Suppose that R is a local ring. Then the following diagram is commutative: 

A n ) 

gn (2.7) 



J ff 1 (Spec(i?),G n ) tf(A r> 



^(Spec^),^^!) ff(4»-i). 
Proof. Suppose that ir n : X n — » Spec(-R) is any G n -torsor, and let s^ n : A n ^> < C 7rn be any 
trivialisation of C %n . Set 7r n _i := p n (ir n ). Then it follows via the functoriality of Waterhouse's 
construction in j^Tj that there is a natural identification C 7Tn _ 1 ~ (p^)*C nn . Consider the trivial- 
isation s nn _ x := (Pn)*s nn : A n _i A Ar»_i of £ 7r „_ 1 obtained by pulling back s nn along p% . We 
have 

T fl , n _i(vr n _i) = [r(s^_J] = [r((p£)*«,rj] = [?„(r(a Wn )]. 
This establishes the result. □ 
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Suppose now that R = K. Fix a positive integer n, and assume that G* is a constant group 
scheme. Then we have 

For each element P : Spec(i^) — » G* in T* , write xp : G n — ► n p n for the corresponding character 
of G n . Then \P induces a homomorphism (which we denote by the same symbol): 

Xp : H l (K,G n ) -> H\K,^n); [it] ^ [tt( Xp )}. 

Write 

ev P : ^/(^f" ~ Map(r;,K x /(ir f") - ^7(^ X ) P " 
for the map a *— > a(P) given by 'evaluation at P'. The following result shows how to describe the 
map rjx of Corollary 12.41 in terms of Kummer theory. 

Proposition 2.11. Let the hypotheses and notation be as above. Then the following diagram is 
commutative: 

Vk Kummer (2-8) 

A%/(A%y n K x /(K x y n . 

(Here the right-hand vertical arrow is the natural isomorphism afforded by Kummer theory.) 
Proof. See j5J Proposition 3.2]. □ 
Corollary 2.12. Let the hypotheses and notation be as above. For each integer n, let 

r n : Hom(r;,i^/(Kxn - Hom^, J*"" 1 ) 
be the homomorphism given by f *— > /|r* ■ Then the following diagram commutes: 



H l {K, G n -i) -2*U Hom^^Vtif^f" 1 ). 
Proof. Suppose that P G r*_ x . Then, almost by definition, the following diagram commutes: 



H\K,G n ) -^U H\K,pjr)~K*/(K*) 



Pn 



red (2.9) 



H\K,G n - X ) -^U H\K,» pn -,)~K*/{K*y n -\ 

(Here the right-hand vertical arrow denotes the natural reduction map.) The result now follows 
from Propositions 12. ill and [231 □ 
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3. Selmer conditions and Galois structure 

In this section we shall apply the results of §21 to explain how resolvends may be used to impose 
local conditions on G-torsors. This enables us to define certain Selmer groups. We then show that 
there are natural homomorphisms from these Selmer groups into suitable locally free classgroups. 
These generalise the class invariant homomorphisms described at the begining of the introduction 
to this paper. 

In what follows, F will denote either a number field or a local field (depending upon the context), 
with ring of integers Of- We suppose given a finite, flat, commutative group scheme G over 
Spec(F), and we let G* = Spec(-A). Let 21 denote any O^-algebra in A such that 21 ®o F F = A. 
Set 

H(2l) := {a G 2l^ c | a" = g w a for all to G Q K , where g w G T}. 

We shall be interested in using the groups H(2t) and H(A) to impose Selmer-type conditions on 
elements of H l (F,G). The following definition is motivated by Corollary I2.4f a). (Recall that the 
isomorphism Tp below was defined in Corollary 12.41 ) 

Definition 3.1. Suppose that F is a local field. Then we define the subgroup H^(F, G) of H 1 (F, G) 
by: 

Hk(F,G) = {* G H l {F,G) | Tp(x) G H ^f C ^ = H{A)} . 

Hence a G-torsor 7r : X — » Spec(-F) lies in H^(F, G) if and only if there exists a trivialisation 
: A ^ C n with r(s 7r ) G H(2l) C H(A). The resolvend r(s- K ) of such a trivialisation is well- 
defined up to multiplication by an element of T ■ 21 x . □ 

Definition 3.2. If F is a number field, then we define H^(F, G) by 

Hl(F,G) =Ker 

□ 

Remark 3.3. Suppose that F is either a number field or a local field, and let 971 be the unique 
maximal O^-order in A. Assume that 7r G H l (F,G) lies in Ker(r/^). Then it follows from the 
discussion in Remark 12.81 that there exists a resolvend r(s w ) G H(A) associated to ir such that 
r(s n ) N = 1. Hence r(s n ) G H(SDT), and so vr G H^(F, G). □ 

Now suppose that F is a number field, and let SCTt be the unique maximal O^-order in A. Let 
Jf (A) denote the group of finite ideles of A, i.e. Jf(A) is the restricted direct product of the groups 
A* with respect to the subgroups Wl* for v \ oo. We view A x as being a subgroup of Jf(A) via 
the obvious diagonal embedding. Write Cl(2l) for the locally free classgroup of 21. Thus, Cl(2l) is 



H\F,G)^l[ 



v\oo 



H l (F v ,G) 
H^F^G) 
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the Grothendieck group of locally free 2l-modules of finite rank, and it may be identified with the 
group Pic(Sp(2l)). Then it is a standard result from the theory of classgroups (see e.g. ^1 §52]) 
that there is a natural isomorphism 

J f (A) 



Cl(2l) ~ f _ J W (3.1) 



Theorem 3.4. Let F be a number field. 

(a) There is a natural homomorphism 

H-Hl(F,G)^Cm. 

(b) The isomorphism 

T F : H\F,G) ^ H{A) 
of Corollary \2.J\ induces an isomorphism 

T F , a : Ker(0a) ^ (21) C H(A). 

(c) We have Ker(r/ F ) C Ker(^gjt)- 

Proof, (a) Suppose that tt : X — > Spec(-F) is a G-torsor with [ir] G H^(F,G). Fix a trivialisation 
s,,- : A — ► £„.. Note that r(s 7r ) G H(A) is well-defined up to multiplication by an element of T • A x . 

For each finite place v of F, write 7r^ for the torsor X®pF v — ► Spec(F l) ). Since [7r„] G -ff^, (-F»j C), 
we may choose a trivialisation : — > C 1Tv satisfying r(t Wv ) G H(2l„). Then r(t 7I - tj ) is well-defined 
up to multiplication by an element of V ■ 21*, and r(t nv )r(s~ 1 ) G T ■ A*. Furthermore, for all but 
finitely many places v, we have that r(s 7r ) G H(9Jt„), and so r(t 7I - t) )r(s~ 1 ) G V ■ 9Jt* for all such v. 
It therefore follows that the element (r(i Ui; )r(f _ 

m 



It therefore follows that the element (r(t nv )r(s n )) v lies in (n^foo F) • Jf(A), and that its image 



ci(sa) 



n„ + oo rj • (n, t oo ^ ) ■ a- (n, t oo ^ j • ^> 

is well-defined. We define 

Mtt) = [(r(t 7r Jr( S - 1 )) v ] G Cl(2t). 

We now show that is a homomorphism. Suppose that %' : X' — > Spec(i ? ) is another G-torsor, 
and let s^/ and t^' (w f oo) be trivialisations defined analogously to s w and t- Kv above. Write 
ir" := ir ■ ir' . Then it follows from the functoriality of Waterhouse's construction in |22j that there 
is a natural isomorphism C n " ~ ® C^i. Thus, if we set 

s-u-'i := s n <S> s w i : C v ® C^i ► A, t^n := t nv <S> t^i : C 1Tv ® C^i > A v , 
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then r(s 7r ») = r(s 7r )r(s 7r /), and r(t 7r ») = r(t 7r „)r(t 7r / ). Hence it follows that 

a (O = [(r(i<)r(%») _1 )«] = [(r^MOW • [(rCvXv 1 ))*] 

= </>2tO) • </>2t 00 > 

as asserted. 

(b) Suppose that it : X — > Spec(F) is a G-torsor satisfying r(s 7r ) G H(2l) for some choice of 
trivialisation s w : A — ► of C^. Write s n>v : A v — > jC^, for the trivialisation of induced 
by s n . Then r(s 7rj „) € H(2l„) for all finite places v of F. Hence tt € H%(F,G), and we may take 
tn v = in the definition of 4><&(ir) given in part (a). This in turn gives (f>f&(ir) = 0. 

Now suppose conversely that tt E H^(F, G) with 02i(7r) = 0. Then for suitable choices of s v and 
r(t nv ), we have that 

This implies that r(s 7r ) S H(2l«) for each place v \ oo, and so it follows that r(s 7r ) E H(2l). 

(c) This follows directly from Eemark 13.31 and part (b) above. □ 

Example 3.5. Suppose that F is a number field. Let Q be a finite, flat, commutative group 
scheme over Spec((9p), with generic fibre G. Let Q* = Spec(2l) denote the Cartier dual of Q*; then 
G* = Spec(A) is the generic fibre of Q* . Corollary j^a) implies that H^(F V ,G) = H l (0 Fv ,G) 
for each finite place v of F, and so it follows that 

Hi(F,G)=H\0 F ,G). 

Hence we obtain a description of the flat Selmer group of Q in terms of resolvends. In this case, 
the map 

^:H\0 F ,g) -Cl(2l) ~Pic(0*) 

is the same as the class invariant homomorphism (Jl.lj) for the group Q. 
Also, we have 

H\0 F , Q) = H^F, G) C H^(F, G), 
and Sp(9Jt) is the normalisation of Q*. The restriction of the homomorphism 

09n : H^(F, G) -» Cl(9Jt) ~ Pic(Sp(SDt)) 

to ^{Of.Q) is the same as the class invariant homomorphism (|1.2[) . □ 

Remark 3.6. Suppose that i 7 is a number field, and let N denote the exponent of G. If v is a 
place of i 7 with v \ N , set 

H}(F V ,G) := Ker [H\F V ,G) -> ^OC^)] , 
where -F™ is the maximal unramified extension of in a fixed algebraic closure of i^. 
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If 7r E Hj(F v ,G), and r(s 7r ) is any resolvend asociated to n, then Proposition 12.71 implies that 
r(s 7r ) £ A* pnr . Since F™ /F v is unramifled, it follows (via considering the Wedderburn decomposi- 
tion ()2.3|) of A v ) that there exists a G A* such that a _1 r(s 7r ) = r(a~ 1 s 7r ) € nr . This implies 
that 7r 6 G), and so 

Hf(F v ,G) C H2x(F v ,G). 

Suppose further that G is unramifled at u. Then £/ := Sp(9Jt„) is a finite, flat, commutative 
O^-group scheme, and it is a standard result that Hj(F v ,G) = H 1 (Of v ,Q)- We therefore deduce 
that in this case, we have Hj(F v , G) = H} in {F v , G). □ 

Remark 3.7. It is not difficult to define refinements of the homomorphism <j)% taking values in 
relative algebraic iT-groups as in j^, or in Arakelov Picard groups as in [3]. However, for the sake 
of brevity, we shall not go into this here. □ 

Now suppose that F is a number field, and let L/F be a finite extension. It is not hard to check 
that the homomorphism Ml ip of (|2,5[) induces a homomorphism 

Afc /JC :a(2toJ->Cl(3l). 

Proposition 3.8. If F is a number field, and L/F is a finite extension, then the following diagram 
is commutative: 



Bo. 
Cores L / F 



HL(F,G) ^ Cl(2l J 



(3.2) 



H^(F,G) Cl(2t). 

Proof. Let it : X — > Spec(L) be a G-torsor with br] G (L,G), and let % : Ax £ w be any 

trivialisation of C n . For each finite place v of L, let : Az^ — > be a trivialisation of £ 7Tl , 
satisfying r(t*„) € H(2l 0i J, Then 

2lOi (vr) = [(r(^Jr( Sw )- 1 ) t ,]GCl(2l). 

The result now follows via a similar argument to that used in the proof of Theorem 12.91 □ 

For the rest of this paper, we shall mainly be concerned with the special cases in which 21 = 9Jt 
or 21 = Wl <g> OF F [l/p] := SDtW. We identify Pic(Sp(9JI)) and Pic(Sp(£DtW)) with the locally free 
classgroups C1(£DT) and Cl(3JtW) of 9tt and respectively. We set 

H u {F, G) : = H m (F, G) , H u,{ P } (F> G ) '■ = H <mW i F ' G ) ' 

and we write 

4> : fl*(F, G) - Cl(S!Jl), : ^^(^ G) - Cl(3JtW) 
for the homomorphisms given by Theorem 13.41 
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Proposition 3.9. Let F be a number field, and suppose that G* is constant over Spec(-F). 

(i) If v is any finite place of F, then the isomorphism r\p v of Provosition W^ induces an isomor- 
phism 

Hl(F v ,G) ^Rom(r*,0*J(Ol) N ). 

(ii) The isomorphism np induces isomorphisms 

Ker(«^) ^ Hom(r*, 0*/{0*) N ), 

Ker(0 {p} ) ^ Hom(r*, F [l/p] X /{0 F [1 /p] x ) N ) 

Proof. Since G* is constant over Spec(-F), we have 

A ~ Map(r*,F), 9tt~Map(r*,0 F ), M {p} ~ Map(r*,0 F [l/p]). 

Proposition 12.61 implies that we have isomorphisms 

H 1 (F,G)~Hom(r*,F*/(F*) N ), (3.3) 
H 1 (F v , G) ~ Hom(r* , F* / (F„ x ) N ). (3.4) 

Hence (i) follows from ()3.4|) and the definition of H 1 (F v , G) , while (ii) follows from (J3.3|) together 
with Theorem 13. 4f b). □ 

4. p-ADIC REPRESENTATIONS 

In this section, we shall apply our previous work to the situation described in the introduction. 
We first recall the relevant notation. 

Let F be a number field and V be a ci-dimensional Q p -vector space. Suppose that p : Qf — ► 
GL(V) is a continuous representation which is ramified at only finitely many primes of F. We set 
V* := HoniQ (V, Q p (l)), and we write p* : Qf — > GL(V*) for the corresponding representation 
of 0,f- Let T C V be any f2j?-stable lattice, and write T* := Homz p (T, Z p (l)). For each positive 
integer n, we define finite group schemes G n and G* over Spec(F) by 

G n (F c ) := T n = p- n T/T- G* n {F c ) := T* n = p~ n T* /T* . 

Then G* is the Cartier dual of G n with G* = Spec(^4 n ) for the Hopf algebra A n = (F c F n ) nF over 
F. 

Recall that q n : A n — > A n _\ is the homomorphism induced by the dual p® of the multiplication- 
by-p map p n : G n — > G n _i. Suppose that, for each n, we are given an Oir-algebra 2t n =C j4„ such 
that 2l n ®o F ^ = ^4ni and q n ($Ln) = 2ln-i- Then it is easy to check that q n induces homomorphisms 

H(A n ) -> H(A n _ x ), and H(2l niV ) -» H(2l n _ liV ) 
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for each finite place v of F. This implies that the natural maps 

H^F^G^^H^F^Gn^), H\F, G n )^H 1 (F,G n -i) 
induce homomorphisms 

H^ v {F v ,G n ) -> H^ Lniv (F v ,G n -i), H^FjGn) -> H^^F, G n _i) 
via restriction. 

Set 2l(T) := lim2l n and 2l„(T) := lim2l nj „ (where the inverse limits are taken with respect to 
the maps q n ), and let 

H(2l„(T)) := {a G 21„(T)* fc \ a w = t u a for all u G F c, where ^ G T}, 

^(T)): = H ^^. F " 
V V 77 T-2t 1 ,(T) x 

Define H(2l(T)) and H(^l(T)) in a similar way. Write 

H k v (T)( F v-, T ) '■= ]^ H mnv (F v ,G n ), H^ T )(F,T) := lim i?^ (F, G n ). 

Proposition 4.1. For eac/i finite place v of F, we have 

! H(2UT)) 

^( T )^' Jj -T-2t*(r)' 

Proof. It follows from the definition of v (F v ,G n ) (see Definition 13. lj) that, for each n, there is 
an exact sequence 

1 - G n ■ 2l*„ -> H(2l„,„) -> H^ in v (F v ,G n ) -> 0. 

Passing to inverse limits, and using the fact that the inverse system {G n • 2l^„} n satisfies the 
Mittag-Leffler condition yields 

l limH(2l„ )t ,) 
H %,{T)(Fv,T) ~ ^T^ (T)X • 

It follows easily from the definitions that 

H(2l„(T)) =limH(2l nil ,), 

and this implies the result. □ 

It is easy to check that p^ induces pullback homomorphisms 

(p£)* : Cl(2l n ) dCSln-i). 

Let 

:^(F,G„)^Cl(2l„) 
denote the natural homomorphism afforded by Theorem 13.41 
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Theorem 4.2. The following diagram is commutative: 



(4.1) 



Prt 



ff^(F,G n _i) — ^ dCSU-i), 

Proof. The proof of this is similar to that of Theorem l2.1Ul Let 7r n : X n — > Spec(i ? ) be a G n -torsor 
with [n n ] € H^ n (F,G n ), and write 7r n _i := p ra (vr n ). Let : A n C Wn be any trivialisation of 
C Wn , and for each finite place v of F, let t 7Vn:V : A n ^ v — > £ir n ,v be a trivialisation of C nn:V satisfying 
r{t Wn:V ) € H(2t njt) ). 

Then, via functoriality, we have that (Pn)*^n — Ar»_i- The pullbacks (Pn)* s ir n and (Pn)*tir n ,v 
of s 7Vn and along give trivialisations of C 7Tn _ 1 and C 7Tn _ 1:V respectively, and we have that 

r ((Pn )% n ,v) = <ln,v(t* n ,v) G H(2l n _i,„). 
The result now follows from the definitions of (j)^ and 0sa n _ 1 . □ 
Set 

Cl(2l(T)) := limCl(2l n ). 
Then passing to inverse limits over the diagrams (|4.1|) yields a homomorphism 

^ {T y.H^ T) (F,T)^Cm(T)). (4.2) 

Proposition 4.3. Suppose that L/F is a finite extension. Then the map Ml/k ( see Q2.5JI induces 
a homomorphism 

M L/K :C\{%{T)o L )^C\{%{T)), 
and the following diagram is commutative: 

4><n(T) OL 



h^ {t)ol (f,g) ^ Cl(2l(T) 0i ; 

Cores i/F 



M'l/f 



(4.3) 



Hl m (F,G) *™+ Cl(2l(T)). 



Proof. This follows from Theorem 13.81 □ 
Proposition 4.4. There is an isomorphism 

T w) : Ker($ 2l(T) ) ^ (2l(T)) C ff(A(T)). 
Proof. This follows easily from Theorem I3.4f b). □ 
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Write 

Hl(F,T) :=hm^(F,G n ), < W (^,T) := lim H^F, G n ). 
Then Q4.2JI yields a homomorphism 

®F := : fftoT) -> limCl(2rt(T)). (4.4) 

From Remark 13.61 we see that 

Hl ip} {F,T)<ZHl Ap} {F,T). 
Hence, restricting ^^{p}^) to i p \(F,T) y^ds a homomorphism 

4 P} : Hl {p} (F,T) - limCl(97lW(T)). 

Remark 4.5. If u | p, then H^(F V ,T) is not in general equal to the group Hj(F v ,T) introduced 
by Bloch and Kato in jjj. For example, it follows from the definitions that H^(F V ,T) is always 
infinite. On the other hand, if v \ p, then Hj(F v , Z p (r)) is finite for all r < (see e.g. 7, Example 
3.9]). 

Let S be any finite set of places of F containing all places lying above p, as well as all places at 
which T is ramified, and let F s /F denote the maximal extension of F which is unramified outside 
S. Then it follows from the definitions that H^(F,T) C H 1 (F S /F,T), and so we deduce that 
H^(F,T) is always a finitely generated Z p - module. □ 

Remark 4.6. Suppose that A is an abelian scheme over Spec(Op), and let T denote its p-adic 
Tate module. For each positive integer n, let Q n denote the O^-group scheme of p n - torsion on A, 
and write Q* for its Cartier dual. Then taking inverse limits of the homomorphisms 

^^(SpecCOfO.&O ^Pic(S;) 

yield a homomorphism 

V F :H}(F,T)^\imPic(g*) 

(see P, [B], [3])- It seems reasonable to conjecture that typ is injective modulo torsion. In jHj, this 
conjecture is shown to be true (subject to certain technical hypotheses) when A/p is an elliptic 
curve and p is a prime of ordinary reduction. □ 

5. Proof of Theorem 11.31 
In this section we give the proof of Theorem 11.31 
For each integer n the action of Op on T* yields a representation 

P * : n F - Aut(r;). 
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Write F* for the fixed field of p* n ; then = U n F*, where F^ is the extension of F cut out by p* 
The group scheme G* is constant over Spec(F^), and we write 

rt n>F * : Ker(</, n ,F*) ^ Rom(T* n ,Oy(0^ n ) 



for the isomorphism afforded by Proposition 13. ^( ii). 
Consider the map 

Cores^* i F * 

d n : H\F*,T n ) ^ H\F*,T n ^) H\F*_ x ,Y n ^). 

Lemma 5.1. Passing to the inverse limit of the maps 

d n ■ H l (F*,T n ) — > H (F*_ l: T n ^\) 

induces isomorphisms 

\\mH\F*,T n ) ^ \rmH\F*,T), (5.1) 
lim H^F^M ^ lim H\Fl v ,T) (5.2) 

Proof. See e.g. Lemma B.3.1]. □ 

Let h n denote the composition 

/i^Hom^^r/^'r^^Hom^^r/^rr") 

Hbm(rU,^i/(^i) pW ' 1 ), 



N F * /F * 

n-l 



where r n is defined in Corollary 12.121 and N F *j F * i is induced by the norm map from F* to F*_ Y . 
Lemma 5.2. Passing to the inverse limit of the maps 

h n : Hom(r*,F n * x /(*rr n ) - Hom^, F^/C^-i)^) 
induces isomorphisms 

UmHom(r*,F** /(F n ** ) p ") ^ Hom(r*,MmF* x ), 



limHom(r;,0^/(0^) pn ) Hom(T*,0*»). 
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Proof. This is proved by applying Lemma 15.11 to the p-divisible group schemes (Z/p n Z) n >i and 
(/n„n) n >i. We have 

hm[Hom(r;,Fr /(W)] = HmfHom^, Z/p n Z) ® Zp (F* */(F* x 

= [JjmHom(r;,Z//Z)] ® Zp [lim(F** /(F n * x )] 
= Hom(T*, Z p ) ® Zp \vnH l {F*,ii pn ) 
= Hom(T*, Z p ) ® Zp limff 1 ^;, Z p (l)) 
= Hom(^Z p )«)z p hmF n * >< 
= Hom(r*,KmF* x ). 

The second isomorphism may be established in a similar manner. □ 
Lemma 5.3. The following diagram is commutative: 

H\F*,T n ) ^ Rom(T* n ,F*x/(F*xy n ) 

d n h n (5-3) 

Vn F* 

H\FU,T n ^) — BomiT^, F^/iF^r )■ 

Proof. Note that G* is constant over Spec(-F^). The result now follows from Theorem 12.91 and 
Corollary HH □ 

Passing to inverse limits over the diagrams (|5.3|) , and applying Lemmas 15.11 and 15.21 yields a 
natural isomorphism 

(3 : \im H^F^T) ^ Hom(T%limF n * x ). (5.4) 

For each finite place v of F, similar arguments to those given above show that there is also a local 
isomorphism 

Pv : lim H^F^T) ^ Hom(T*, HmF n **). (5.5) 

Proposition 5.4. (i) For each finite place v of F, the map (5 V induces an isomorphism (which we 
denote by the same symbol) 

(3 V : lim Hl(F*,T) ^ Hom(T*,limO* ). (5.6) 
(ii) The map (3 induces an isomorphism 

13 : )hnHl(F*,T) ^ Hom(T*, Hm6y. (5.7) 
Proof, (i) It is easy to check that (|5.2|) induces an isomorphism 

limi#(F* ,r n ) A l\mHl(F*T). 



22 



A. AGBOOLA 



The result now follows from the isomorphism 



Hl(Fl v ,G n )^Kom(r* n ,0"* /(O*. )*>") 



afforded by Proposition 13.91^ 1^ . 



(ii) Suppose that / G Hom(T*,limF^ x ). For each finite place v of F, write f v for the image of / 
in Hom(T*,limF^). Then /„ G Hom(T*, JmO^J for all w if and only if / G Hom(T*, limO*,). 



The result now follows from (i) above. □ 



Corollary 5.5. There is a natural isomorphism 



hm^(F n %T)^limKer($ F *)- 



Proof. This follows directly from (|5,6|) . Lemma 15,21 and Proposition 13 . 9f ii) . 



□ 



Corollary 15 . 51 implies that we have 



n n Cores 



lF . /f (^K,T))CKer(f f ). 



Hence, if x G (£f(T), then for some integer M > 0, we have <E>ir(Mx) = M<frp(;c) = 0, and so 
&f{%) is of finite order. This proves Theorem 11.31 

6. Proof of Theorem 11.11 
This section is devoted to the proof of Theorem 11.11 

Recall that = U n C n denotes the cyclotomic Z p -extension of F. We begin by showing that if 
x G <3_f(T), then $>p^(x) is of finite order. 

Lemma 6.1. Suppose that m > 1. Then 




n-l ' 



Proof. In order to ease notation somewhat, we write SDT^ for 9Jlm • Using the notation of Remark 
12.51 we have 



<n n o CnW [i/p], 




ci(anjjj)* H ci(o c „ [r] [i/p]). 



7*er m \f2 C; 

Choose d > 1 sufficiently large that 
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for all i > d. Then, for each 7* G T^ n \flc d 

Coo [7*] := Ui>«A[7*] 
is the cyclotomic Z p -extension of Cd[7*], and the map 

is induced by the usual norm maps 

Cl(0 Ci[r] [l/p])^Cl(0 Cd[r] [l/ P ]) 

for each 7* G T* m \n Ct = ^* m \^c d - 

However, if L is any number field, and = UjLj is the cyclotomic Z p -extension of L, then it 
is easy to show that limC^O^ [1/p]) = 0. Hence we have 

limCl(O Ci[r] [l/p]) = (i>d), 

and so it follows that 

hmClrf ) = 0, 

as claimed. □ 

Corollary 6.2. We have lim Cl(£0l^ (T)) = 0, wh ere the inverse limit is taken with respect to 
the maps M Cn /c n -x ■ D 

Proposition 6.3. Suppose that x G &p(T). Then $>^(x) is of finite order. 

Proof. Taking inverse limits over ()4.3I) yields a homomorphism 

lim$W : lim^ (T) (C n ,T)- lim Cl^g (T)), 

and Corollary 16.21 implies that this is the zero map. Hence 

n n Cores Cn/F (/4 (r) (C n ,T)) CKer(4 p} ). 

On 

Thus, if x G ©f(T), then M$^ } (x) = $^ } (Mx) = for some integer M > 0. This establishes 
the result. □ 

We now recall the definition of the pairing 

B F : H) Ap} (F,T) x Ker(Loc F , T *) -» Q P 

given in [2U1 Section 3.1.4]. 

Fix x G ffjr i(i^,T) and y G Ker(Loci?T*). Then viewing y as an element of H l (F,T*) ~ 
ExtQ F (Z p ,T*) yields an extension 

_> T* -» TjJ -> Z p -> 0. (6.1) 
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Taking Z p (l)-duals of ()6.1j) yields an exact sequence 

1 -> Z p (l) -» T y -» T -> 0. (6.2) 
We may consider the global and local Galois cohomology of Q6.2|l for each finite place v of F: 
H\F,Z p (l)) — U H l (F, T y ) -L^> H l {F,T) ► H 2 (F,Z P (1)) 

(6.3) 



H\F V ,Z P {1)) 



H 1 {F v ,T y 



H\F V ,T) 



H 2 (F V , Z p (l)). 



It may be shown via Tate local duality that 

H}(F V ,T) C j v (H}(F v ,T y )) 

for all places v \ p. 

At places v \ p the extension (|6.2j) splits locally at v because y G Ker(Loci? i T*); and so we have 
a corresponding splitting 

Ft 1 {F v ,T y ) = H 1 (F V , Z p (l)) © H 1 (F V ,T) (6.4) 

on the level of cohomology groups. Hence we have 

Hj(F v ,T) = j v (H}(F v ,T y )) 

in this case, and in fact every element z G H 1 (F V ,T) has a canonical lifting to an element of 
H X {F V ,T V ) given by z ^ (0,z). 

Global classfield theory implies that the natural map 

H 2 (F,Z p (l))^Q)H 2 (F v ,Z p (l)) 

V 

is injective, and so we deduce from l)6.3j) that 

Choose a global lifting x G /piX-^ ^j/) of x G Hj ^(F, T). For each place v with u \p, choose 
any local lifting A„ G Hj(F v ,T y ) of x„ G Hj(F v ,T). For places v with i> | p, define A„ G H l {F v ,T y ) 
to be the canonical lifting of x„ afforded by the splitting l|6.4|) . Then for each place t> of F, we 
have z„ - A„ G ^(^(Ff , Z p (l))). If u | p, then i„ is injective, and so we may in fact identify 
^(^(F^Z^l))) with tf^Z^l)). 

Let 

i r 0ff 1 (F»,M 1 ))-Q P 



denote the composition 



0^(^,2^!)) ~ ® V F? ^ Q p , 
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where L x is defined by 

L x(( u v)v) =^2log p N Fv/ Q p (u v ) - ^(logp^ord^K). 

v\p v\p 

(Here q v denotes the cardinality of the residue field of F v , and we choose Iwasawa's branch of the 
p-adic logarithm, so that log p (p) = 0.) 

It may be shown that l x induces a well-defined map on ® v i v (H (F v , Z p (l))). We define 



B F (x, y) = l x \x v -) \ v \ G Q 



((> )) : T,^ x Ker(Loc F , T *) -► Q P , 



It is shown in |2L)l Section 3.1.4] that Bp induces a pairing 

and it is conjectured that this pairing is always non-degenerate. We shall relate this pairing to the 
homomorphism 3 > grjj{p>(T) ^ interpreting the pairing Bp in terms of resolvends. 

In order to ease notation in what follows, we shall write ^2^(1)' ^Ty and f° r ^arrO}(z p (i))) 
®<mW(T y )i and ®<mW(T) respectively. 

Proposition 6.4. Set hp := | Cl(0_p[l/p])| ; and suppose that Q^(x) = 0. Then there exists 
x £ Hj ^ p y(F,T y ) such that j(x) = hpx and <&^(x) = 0. 

Proof. It is not hard to check that 1)6.2(1 yields sequences (which are exact in the middle, and where 
we denote maps on resolvends by the same symbols as the corresponding maps on cohomology 
groups): 

H(A(Z P (1))) A U(A(T y )) - H(A(T)), 

H(A ( ,(Z P (1))) ^ H(A v (T y )) -> H(A V (T)), 

H(3tt(Z p (l))) A H(SJt(T„)) -> H(£CT(T)), 

H(9J^(Z P (1))) ^ H(£Dt,,(T v )) -» H(^(T)). 

It therefore follows from (|3.1|) that (|6.2j) induces a sequence 

Cl(9Jt {p} (Z p (l))) -» Cl(£Dtt p >(T v )) -> Cl(9K {p} (T)) 

of classgroups which is exact in the middle. We therefore deduce via functoriality that the following 
diagram (whose rows are exact in the middle) commutes: 

Ci(ajtW(z p (i))) > ci(vji^(T y )) ► ci(9Jt^>(r)) 



Zp(l) 



,{p} 



(6.5) 



F} W (F,Z P (1)) — ?— Hj {p} (F,T y ) -JL^ Hj {p} (F,T). 
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For each integer n > 0, the Wedderburn decomposition of (fi p n) (cf. 1)2. 3 Jl ) is given by 

i=0 

Hence /i F • Cl(ajtfP>(/i p »)) = for each n, and so it follows that h F • Cl(9jtfP>(Z p (l))) = also. The 
result now follows from the commutativity of l|6.5|) . □ 

Proposition 6.5. Assume that the pairing (( , )) is non- degenerate, and suppose that ^ } (x) is 
of finite order. Then x E Q5 F (T) . 

Proof. We first observe from the definition of <5 F (T) that if Mix E <5 F (T) for any integer Mi > 0, 
then x E & F (T) also. Hence, we see from Proposition 16.41 that, without loss of generality, we may 
assume that there exists a lift x E Hj ^{F,T y ) of x E Hj ^(F,T) such that $>^(£) = 0- We 
shall make this assumption from now on. 

It follows from the standard identification of T*) with ExtQ F (Z p ,T*) that we may write 

T y = Z p (l) x T (6.6) 

with Q^-action given by 

(c^r = (c CT -{/(0(*)r,* CT ) 

for any fixed choice of fJj?-cocycle / representing y E H 1 (F,T*). This implies that there is an 
isomorphism of F c -algebras (but not of fi^-modules) 

A F c(T y ) ^ A F c(Z p (l))® F c A F c(T); a A* (a) ® fe 2 (a) , (6.7) 

where A;i and £?2 are induced by the projection maps Z p (l) x T — > Z p (l) and Z p (l) x T — > T 
respectively. 

We now make a choice of resolvends associated to x and A„ for each v. Since x E Ker($^ ), 
we may choose a resolvend a E H(9Jt{ p }(Ty)) associated to x. For each place v \ p, we choose an 
arbitrary resolvend y„ E H(Wli P ^ (T y )) associated to X v . For each place v \ p, we set 

i/„ = (1 ® fe2(a))« 

(cf. 1)6. 7|) ): this is a resolvend associated to A„ since y is locally trivial at v. Then, for each place 
v of F, we have 

t v := a v u- 1 E i„(H(£SJi| p >(Z p (l)))), 

and r„ is a resolvend associated to x v — X v E i v (H 1 (F v , Z p (l))). 

If u f p, then Z p (l) is unramified at u, and so Bemark 13.61 implies that we have 

H(Tl^(Z p (l))) = H(m v (Z p (l))) ~ fl-}(if Wl Z p (l)) ~ 6* u . 

Hence it follows that (log„(g , l ,)) ord^(x„ — X v ) = 0. 
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If v | p, then t v = (ki(a) tg> 1)^, and the image of ifci(a) G £Kfr>(Z p (l))g e under the 



localisation map 



5 : 9JtM( Zp (l))g Fc -> 0^(^(1))^. 



For each integer n > 1, write 



5 n :9JlW (/ipn )^ c ^0gjtW(^ 



X 

«lp 



for the localisation map, and let t VjU denote the image of t v in 9Jli P ^ X/vOo c un der the natural 
map 971^(Z p (1))q c — > 9Jt^(/i p n) x c . Let A«) n denote the image of (x v — X v ) in // 1 (F 1) ,^ p n) 
under the natural map H l (F v , Z p (l)) — > H (F v , fj, pn ). 

Since ©^7",, lies in the image of 5, we have that ©^ipT^n lies in the image of S n . It therefore 
follows that 

(B v \ p (x v - A„) n G J ff 1 (F„,/ V ) ~ 0F*/i^> n 

v\p v\p 

lies in the image of Of[1/p] x F xp ™ / F xpU under the localisation map 

F*/F x ' n ^QFf/Fp n . 
v\p 

This in turn implies that 

@N Fv/Qp (x v - \ v ) n G H^Qp,^) ~ Q p x /Q P xp " 

lies in the image of Z[l/p] x Q xp ™/Q x?3n under the localisation map 

^(Q.jyO ~ Q x /Q xp " -> fl^Qp./y.) ^ Q p x /Q p xp ", 

for all n > 1. As the function log p (z) vanishes on the image of Z[l/p] x in Q* , we conclude that 

^log p (N Fv/Qp (x v - X v )) = 0. 
v\p 

We therefore deduce that Bp{x,y) = 0. Hence x G &f(T), since by hypothesis ((, )) is non- 
degenerate. □ 



Theorem 11.11 now follows immediately from Propositions 16.31 and 16.51 
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